A minimal three-flavor model for neutrino oscillation based on superluminal property 
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Recent experimental research progress of solar neutrino and neutrino oscillation reveals that neu- 
trinos do have nonzero mass, which poses a serious challenge to theoretical physics. Two symmetries, 
the common invariance under the space-time inversion and the invariance or violation to maximum 
under the space inversion are analyzed for Dirac equation or the equation for superluminal neutrino 
respectively. Then a simple three-flavor model containing only one parameter is proposed and the 
relations among neutrino oscillation, parity violation and superluminal property are emphasized. 
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PACS numbers: 14.60.Pq; 14.60.St 

Since the experimental verification of neutrino oscilla- 
tion, i.e., the mutual transformation among three flavors 
of neutrinos ( u e , v^, and v T ) by Super-Kamiokandc 
Collaboration [1] in 1998 and further by SNO Collabora- 
tion in 2002 [2] , a common cognition that neutrinos have 
nonzero mass has been accepted by physics community. 
This is because for a two-neutrino oscillation model, the 
probability for a neutrino produced in flavor state a to 
be observed in flavor state b after travelling a distance L 
through a vacuum is [1] : 



P{v a -> v b) = sin 2 20 sin 2 



1.27Am 2 (eV 2 ) J L(km) 
£„(GeV) 



where E v is the neutrino energy (in GeV) , is the mixing 
angle between the flavor eigenstates and the mass eigen- 
states, and Am 2 is the mass square difference of the neu- 
trino eigenstates. Obviously, once Am 2 = 0, there will 
be no neutrino oscillation at all ( see the excellent books 
[3,4]). 

However, since the discovery of parity violation by Lee- 
Yang, Wu et al in 1956-57 and the ingenious experiment 
by Goldhaber et al [5], it is concluded that neutrino is 
always left-handed (v L ) while antineutrino right-handed 
(V R ). Once they have mass and so are Dirac particles 
moving in a speed u less than light-speed c, then an 
observer moving in a parallel velocity v > u would see 
a neutrino becoming right-handed (v R ) and an antineu- 
trino left-handed (V L ) . But neither v R nor V L exists in 
experiments. Hence the evidence for neutrino mass poses 
a serious challenge to theoretical physics [6]. 

There are some approaches to make neutrino massive 
[3, 4]. One approach assumes that the v R interacts much 
more weakly than other particles and so is unobserved, 
the second way involves a theory of Majorana neutrino 
(in which neutrino and antineutrino can be identical) in 
combination with so-called seesaw mechanism to allow 
the extremely heavy v R existing for a very short time 
interval and only let v L to be observed. 1 have seri- 



ous doubts about the above approaches, based on the 
criterion of beauty. As Dirac stressed: "Physical laws 
should have mathematical beauty" (see [7] foreword xiii 
and p. 257)." "It seems to be one of the fundamental fea- 
tures of nature that fundamental physical laws are de- 
scribed in terms of great beauty and power. As time goes 
on it becomes increasingly evident that the rules that the 
mathematician finds interesting are the same that Nature 
has chosen" (quoted from [8]). It seems to me that there 
is another very simple and interesting approach to make 
neutrino massive while in the meantime respect to the 
parity violation, i.e., the permanently longitudinal po- 
larization of neutrinos. Based on a series of works [9-15], 
I will discuss the equation and property of a sublumi- 
nal or superluminal particle before a simple three-flavor 
model for neutrino oscillation can be proposed. 

Beginning from the famous Dirac equation, I wish to 
emphasize its essential beauty being hidden in two sym- 
metries. Let us write it in a form of two coupled equations 
of two-component spinors tp D (x, t) and \ D (x,t), the hid- 
den particle field and antiparticle field [16]: 



ich(T-Vx D +m c 2 ip D , 



(2) 



component spinor vb D 



lies in the fact that the 



Where or are 2x2 Pauli matrices. The reason why we 
prefer this form rather than the covariant form of four- 

Xd 

symmetries will become explicit as follows. 

First, Eq. (2) is invariant under the (newly defined) 
space-time inversion (x — > —x. t — > — t)with transforma- 
tion (see [16]): 



-t) -> X D (x,t), x D (~x,-t) -»• <p D (x,t). (3) 



When \ip D \ > |x D |, it is a particle; when \x° D \ > \ip c D \, 
it shows up as an antiparticle. Next, after we define the 
hidden left-handed and right-handed fields as: 
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(<p D -X D )- (4) 
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Eq. (2) is recast into: 
d 



(5) 



When \£ D \ > \rj D \, it is a left-handed particle; when 
\ t 1d\ > ICdL it becomes right-handed explicitly. Now 
we see that Eq. (5) is invariant under the pure space- 
inversion (x — ► — cc,t — > t) with transformation: 

^(-35.*) V D {x,t), r] D (-x,t) ^> £ D (x,t). (6) 

The solution of either (2) or (5) gives the wave- 
function(WF) describing a freely moving Dirac particle: 



£ D ~V d ~ ea; P [* (P • x - Et)/h] , (7) 



with the momentum p and energy E satisfying the kine- 
matical relation in special relativity (SR): 



zr2 2 2 i 2 4 

£/ = p P C + TOqC . 



(8) 



Usually the Dirac equation was regarded as an out- 
come of combination of quantum mechanics (QM) with 
the theory of SR. However, actually, what we described 
above should be viewed as a derivation of Eq.(8) in SR 
from QM by injecting two symmetries, i.e., in our opin- 
ion, QM and SR are identical in essence[16]. Just as 
Gross stressed: "the primary lesson of physics in 20th 
century is that the secret of nature is symmetry" . [8] 

Based on Dirac's experience together with a belief that 
a particle is always not pure and there is no exception 
to this rule, we manage to establish the equation for a 
super luminal neutrino as: 



ih-^ip — ichcr- Vx + m s c 2 x, 



i h-Sr x = « c ft er • VV — m s c 2 ip, 



(9) 



or equivalcntly: 

i hMr £ = icher ■ V£ — m s c 2 r], 



i h-Sr f] = —icho-- V77 + m s c 2 



(10) 



with Eq. (4) without subscript D. We see that while 
Eq. (9) remains invariant under the space-time inversion 
(3), Eq. (10) is violated (to maximum) under the space 
inversion (6) due to opposite signs in the mass term. A 
similar plane-wave solution like (7) now yields: 



7^2 2 2 2 4 

E = p c - m a c ; , 



which in turn implies a kincmatical relation being: 

„2 



P : 



m s u 



E = 



(11) 



(12) 



where the particle velocity u is defined as the group ve- 
locity u g of wave ( E — hui,p — hk): 



u = u„ 



dk 



dE 
dp 



2 

~E 



> c. 



(13) 



Hence, it is a superluminal particle (or tachyon) and m s 
is called the proper mass or tachyon mass. On the other 
hand, the phase velocity u p of wave reads: 



u p = uj/k = E/p < c, 



(14) 



because Eq. (11) (like (8)) always imposes a constraint 
on the product of u g with u p : 



c 2 . 



(15) 



Some consequences of the above theory are as follows: 

(a) As discussed in Refs[15, 16], a particle and its an- 
tiparticle obey the same equation, e.g., Dirac Eq. (2) 
or neutrino Eq. (9). The WF for particle under the 
condition \tp\ > |x| has positive-energy E > whereas 
that for antiparticle under the condition |xd > \<p c \ has 
negative-energy E < (actually it has a positive-energy 
E c = -E> 0, see [15,16]). 

(b) In contrast to Dirac Eq. (5), the neutrino Eq. (10) 
only allows solutions of v L (with |£| > \r]\) and u R (with 
\Vc\ > I£c|)j other two kinds of solution — v R and v L 

- are strictly forbidden. This is a direct consequence 
of parity violation. And because now v L and V R have 
velocity u > c, their polarizations (helicities) in one frame 
can be maintained in another frame with relative velocity 
v(< c) between two observers. 

(c) A comparison between Eq. (8) and (11) reveals that 
if m 2 , = —m 2 , we may write tuq = im s (with real m s ) 
and it was often said that the kincmatical relation for 
superluminal particle could be viewed as some analytic 
continuation of that for subluminal particle. 

Experimentally, in the measurements like that of tri- 
tium beta decay, physicists did find that in the kinemat- 
ical relation of neutrino 

7^2 2 2 i 2 4 

E = p c + m v c , 
the mass square seems negative with large uncertainty: 
m 2 {v e ) = -2.5 ±3.3 eV 2 , 



m 2 (^) = -0.016 ± 0.023 MeV 2 , 



(16) 



as summarized in the particle table by 2000 [17]. (See 
Eqs. (29) and (30).) 

(d)While Dirac Eq. (2) and superluminal Eq. (9) share 
the common basic symmetry under the space-time inver- 
sion (3), they have different symmetry under the space 
inversion (6): Dirac Eq. (5) remains invariant whereas 
superluminal Eq. (10) shows maximum violation, which 
should be viewed as some antisymmetry rather than 
asymmetry. In short, either Dirac equation or superlu- 
minal equation is destined for specific realization of sym- 
metries. 
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We are now in a position to discuss the neutrino os- 
cillation, generalizing the Eq. (10) to a model for two 
flavors, v e and v^. The coupled equations are assumed 
to be (m e = m s (v e ),m^ = m s {v^),h = c = 1): 



i£ e = itr- V£ e - m e r] e - S 

i f] e = -in ■ Vrj e + m e £ e + 6 £ M , 

i 4 = ier • V£ M - - 5r] e , 



(17) 



Notice that: First, the additional terms with coupling 
constant 5 do not spoil the symmetry in (10): Eq. (17) 
still remains invariant under the space-time inversion (3) 
and in the meantime violates the space-inversion symme- 
try (6) to maximum. Second, like Eq. (10), Eq. (17) has 
the probability density being: 



(18) 



which is not positive definite. J pdx = 1 means the oscil- 
lation occurred between left-handed v e and (|£| > \r/\), 
while / pdx = — 1 means that between right-handed 77 e 
and F M (\r] c \ > |£ c |). 

Third, using the trick and notation like that by Sas- 
saroli[18], we find two eigen-energies of Eq. (17) as: 



El 



E\ = p 2 - m 
mi, 2 = \{{m e + m p ) ± R], 



ml, 



(19) 



R= y/Jm^ -m e ) 2 + A8 2 . 

a/a/TTa 2 ", v t 



Denoting A = m " ™ e + R , sinfl = I/VITA 2 , cos 9 = 
the mass eigenstates as (see Appendix): 



, we can express 



cos 9 sin 9 
— sin 9 cos 9 



(20) 



Hence the time evolution of flavor amplitude is given by: 

Ci(0)e- 



C e (t) 



cos v — sin ( 
sin 9 cos 6 



-iEit 
-iE 2 t 



(21) 



C 2 (0)e 

Suppose that at t = 0, an electron-neutrino is produced 



C„(0) = 0, C e (0) = l. 



(22) 



We obtain the oscillation probability of v e to v p after a 
time t being: 

P{y e v») = \C,{t)\ 2 = sin 2 2flsin 2 ^ ~ ^ 



AE 



while 



|C e (i)| 2 = l-sin 2 20sin 2 ( ^'^ 



(23) 
(24) 



where an ultrarelativistic approximation p 3> m,p ~ E 
has been used. Eq. (23) is exactly Eq. (1) (t ~ L) except 
that now Am 2 = m\ — m\ is referred to the square dif- 
ference of tachyon mass for superluminal neutrino rather 
than that of rest mass for sublumonal neutrino. 

Since the experimental data show that the oscillation 
amplitude tends nearly to maximum, we would expect 
in the above two-flavor model that 9 — ► 7r/4, or A — > 1, 
i.e., 5 3> (m M — m e ). But a vanishing of m M and m e 
is not allowed because it would eliminate the oscillation 
entirely. 

Interesting enough, we can keep only one coupling pa- 
rameter in a three-flavor model by first generalizing (17) 
without mass term into: 



iie=icr ■ V£ e - Srjf, -er) T , 
i f/e = -ia ■ Vrj e + 5^+e£ T , 

iin=i<T- V£ p - Xf] T - Sf] e , 

i fjf, = -ia ■ Vry^ + A£ T + S £ e 
ii T =ia- V£ T - erie - A r^, 
ifir = -ia ■ Vi] T + e£ e + A 



(25) 



and then set S = e = A later. By solving a typical alge- 
braic equation of third order, we find three eigenvalues 
of energy square being: 



E 2 =p 2 -m 2 , (i = 1,2,3) 



45 2 



m\ 



m% 



(26) 



The orthogonal transformation between mass and flavor 
eigenstates reads: 



( V1 \ 


/ 






w 


V 



1 1 1 

V3 V3 V3 
11-2 

VE VE VE 

1 - 1 



V V2 V2 



\ 








J 





(27) 



(We should write m\ = 25 and m 2 = m 3 = — S in the 
proof.) Similar to the procedure leading from (20) to 
(24), we get: 



\C e (t)\ 2 = l-- 9 
\C,(t)\ 2 = \C T (t)\ 2 



sin 2 [i(£ 2 -EJt], 

|sin 2 [^(£i-£7i)t]. 



(28) 



Some remarks are in order: 

First, if neutrinos are propagating through a medium, 
the oscillation picture will be modified drastically as dis- 
cussed by Wolfenstein[19] and Mikheev-Smirnov[20]. The 
finite length of wave packet must be considered [20, 3]. 
While different phase velocities (u p ) lead to oscillations, 
different group velocities (u g ) result in a separation of 
the wave packets in space. The situation becomes more 
complex because Eq. (15) now means u g > c in the su- 
perluminal case whereas u p < c, implying that during 
the propagation, the coherent superposition of different 
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flavor states may be difficult to catch up the wave pack- 
ets which are separated faster than light. Hence I guess 
that the periodical flavor transformation probability (28) 
must be strongly suppressed in a medium. Maybe the 
oscillation becomes so incoherent that it actually pro- 
vides a mechanism of detailed balancing for neutrinos. 
So eventually an equally distributed population may be 
established among three flavors. Could the experimental 
data of solar neutrino [2] be explained in this way? I can 
only lay my hope on experts in this field. 

Second, as stressed by Close [21], solving the solar neu- 
trino problem qualifies as one of the great moments in 
experimental science and neutrino physics is about to en- 
ter a golden age. Now SNO experiment [2] and Kamland 
experiment in Japan actually have fixed three flavors of 
neutrino and finally ruled out the existence of possible 
fourth flavor (or so called 'sterile') neutrinos. Further- 
more, by the K2K experiment in Japan[6] and some other 
neutrino factories under construction or planning, physi- 
cists will be able to detect neutrinos travelling a long 
distance on earth and measure their oscillations as well 
as velocities. I was excited to learn the preliminary data 
of neutrino velocity v = 3.0120481 x 10 8 m/s along a dis- 
tance 250 km by K2K in June 1999 [22]. So I am anxious 
to await the new data as soon as possible. 

Third, if we measure the mass square m 2 of neutrino 
with certain flavor when it is just produced, like v e in 
(28), then m 2 must be an average of (mass) 2 eigenval- 
ues with considerable standard deviation a due to the 
existence of oscillation. For instance, in the above three- 
flavor model, we may predict a measured value of m 2 
being: 

m 2 =<m 2 >±<j = -ls 2 ±^ 5 2 . (29) 
5 5 

But if the neutrino is an outcome of oscillation, like 
or v T in (28), then its mass square m 2 measured in flight 
is expected to be: 



m 2 =< m 2 > ±a 



^S 2 ±-S 2 . 
2 2 



(30) 



These two predictions are independent of the flavor in 
this model (Compare Eq. (16)). 

Fourth, if we modify all coupling terms in (25) into 



J 



plus signs, then instead of (26), we obtain: 

E 2 =p 2 + m 2 , (z-1,2,3) 
m\ = AS 2 , m 2 = ml = 8 2 . 



(31) 



However, similar to (28), Eq. (31) implies oscillation 
among three flavor states of subluminal Dirac particles. 
But in fact, there is no any oscillation among electron, 
muon and tau lepton. Hence we understand why the 
muon-electron transformation process like /i — > e + 7 is 
forbidden. This is because the flavor change term is stem- 
ming from weak interactions with parity violation, if it is 
combined with the Dirac equation (of fj, or e) having par- 
ity conserved property, it would make the whole equation 
asymmetric under the space inversion. In other words, it 
is the inconsistency of symmetry that forbids the process 
of muon-electron transformation. 

In summary, there are three things being intimately 
correlated together: As Dirac particles obey the par- 
ity conservation law, they are bound to be subluminal 
and cannot oscillate among different flavor states. By 
contrast, since neutrinos violate the parity symmetry to 
maximum, they must be superluminal particles and are 
capable of oscillating among three flavor states. In the 
later case, there is only one motion equation like (25) 
shared by all three flavors of neutrino and antineutrino. 
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APPENDIX A: MASS EIGENSTATES OF 
NEUTRINO IN TWO-FLAVOR MODEL 

Assuming the neutrino momentum p along z axis and 



denoting £ 









(?) 




(»)] 



the left-handed (right- 



handed) polarized spin state, we can express two nor- 
malized solutions of Eq. (17) for neutrino (with energy 
E\ t 2 > 0) being: 



0i (p) - 




uiip) 




(Al) 



1 



i (p z-E 2 t) 



lip) 



1 



Vi + A^ 



Au 2 (p) 



«2(P) = 




(A2) 
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This is Eq. (20). The WFs for antineutrino with positive energy E c = —E, (E = —Ex 2) are: 



»"*W " \ (A4) 
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